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Abstract:  In this paper we introduce the idea of the generalized relative order of entire function 

of two complex variables are discussed in this paper. 

1. Introduction, Definition and Notations 

Let   and   be any two entire functions defined in the complex plane ℂ and                       

  ( )     *| ( )|   | |   +,   ( )     *| ( )|   | |   +. In , - defined the 

generalized order   
, -

 and generalized lower order    
, -

 of an entire function   for any integer 

    in the following way. 

  
, -     

   
   

   , -  ( )

    
 

and 

   
, -     

   
   

   , -  ( )

    
 

where  

   , -      (       ) , k =1,2,3……….. and          , -     

when    , the above definition coincides with the classical definition of order and lower order , 

which are as follows: 

      
   

   
   , -  ( )

    
 

and 
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   , -  ( )

    
 

Where    ( ) is strictly increasing and continuous. 

In ,    - Bernal introduced the definition of relative order of   with respect to   , denoted by  as 

follows :  

  ( )     {       ( )    ( 
 )        ( )   } 

    
   

   
     

      ( )

    
 

Let  (      ) be a non-constant entire function of two complex variables    and    holomorphic 

in the closed polydisc 

{(      )   |  |                                 } 

 (     )     {| (      ) |  |  |           } 

Then by Hartogs theorem and maximum principle in ,  -   (     ) is an increasing function of 

     . The order    ( ) of  (      ) is defined in , - as the infimum of all positive number μ 

for which  

 (     )     ,(    )
 -                       

holds for all sufficient large values of    and    another words  

      *     (     )     ,(    )
 -               ( )     ( ) + 

Equivalent formula for    in ,    - is  

 ( )     
       

   
       (     )

   (    )
 

Let   and   be two functions defined on    such that          ,    -. The order of   

relative to   is  

     (   )     ,                      ( )      (  )     - 

If   is an entire function then the growth function of   is defined by  

 ( )     ,   | ( )| | |    -       

 

International Journal of Scientific & Engineering Research, Volume 6, Issue 11, November-2015 
ISSN 2229-5518  

1464

IJSER © 2015 
http://www.ijser.org 

IJSER



3 
 

if   and   are two entire functions then the order of   relative to   is now defined by 

     (   )       (   ) 

as observed in , -, the expression     (  )      may be replaced by  (  )     if  ( )     

because then the infimum in the case coincide.  

Taking      in the above definition, are may easily verify that  

     (   )     ( ) 

i.e., the order (   ) coincides with Bernal’s definition of relative order.  

If        then order (   ) coincides with classical order of above papers by Kiselman and 

other. 

Datta , Tanmay and Biswas, introduced the definition of relative order of an entire function 

 (      ) with respect to an entire function  (      ) as follows, 

               Let  (      ) be an entire function holomorphic in the closed polydisc 

{(      )  |  |          } and let 

 (     )     {| (      )|   |  |          } 

  ( )     *     (     )   (  
     

 )         ( )     ( ) + 

the definition coincides with that of classical (1) if   (     )            

 In this paper we introduce the idea of relative order of entire functions of two complex variables. 

              If     is positive integer, then the     generalized relative order   with respect 

to    denoted by  

  
, -( )     {       (     )     .   

,   -(  
   

 )/              ( )     ( )} 

     
       

   , -  
    (     )

       
 

 

If        then   
, -( )    ( ). If      ,  (     )    

        the classical order of   (    , -)  
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are can define the     generalized relative lower order of   with respect to  , denoted by   
, -( ) 

as follows. 

  
, -( )      

       
   

   , -  
    (     )

   (    )
 

               A non-constant, entire function   is said to the property (R) if for any     and 

for all sufficiently large      , 

[  (     )]
 
     (  

    
 )  holds. 

Our aim in this paper is to study some parallel basic properties of generalized relative lower 

order of entire functions (holomorphic functions or integral function) of two complex variables. 

        , - Suppose   is a non-constant entire function, 

                            and     is a positive integer. 

Then 

( )            (       )       (     ) 

(  )        (   )    s.t  

.  (     )/
 

  (  
    

 )               

(   )           
  (  

    
 )

  (     )
             

  (  
     

 )

  (  
     )

 

(  ) If   is transcendental then 

   
       

  (  
    

 )

  (     )
      

       

  (  
    

 )

(      )  (       )
 

 

 

 

         , - Let   be an entire function satisfying the property (R), and let     and   be a 

given positive integer. Then the inequality 
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 [  (     )]
 
   (  

    
 ) holds for       large enough. 

          Let           are any three entire functions. If  

   (     )      (     ) for all sufficiently large values of       Then  

  
, -( )      

, -( )                      

          Every entire function   satisfying the property (R) is transcendental. 

          ,  - Let  (     ) be holomorphic in the polydisc |  |                     with 

 ( )    and η be an arbitrary positive number not exceeding 
  

 
 then inside the polydisc but 

outside of a family  encoding polydisc the sum of where radii is not greater than           ,  

we have 

   | (     )|      ( )      (         ) 

for    ( )         
  

  
 

         . If                  (    ) and   are entire functions, then 

  
, -( )       

, -( ) 

where               ∑   
 
             

, -( )     {   
, -( )            }  

the equality holds when  

   
, -( )       

, -( )  *                    + 

        If   
, -( )      then the result is obvious. So we suppose that   

, -( )        we can 

clearly assume that    
, -( ) is finite. By hypothesis    

, -( )       
, -( ) for all 

                  .we can suppose     
, -( )    

now for any arbitrary        we get for all sufficiently large values of       that 

   [   
,   -(  )

   
, - ( )  

(  )
   
, - ( )  

]    (     ) 

 where              
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i.e. ,       
(     )      *(   

,   -(     ))

 

 
  

, -
( )  

+        

                    

so,  (1)          
(     )      *(   

,   -(     ))

 

 
  

, -
( )  

+       

                     

now for all sufficiently large values of       

  (     )    ∑   
(     )

 

   

 

i.e.,      (     )    ∑   *(   
,   -(     ))

 

 
  

, - ( )  
+ 

    

i.e.,  (2)        (     )      *(   
,   -(     ))

 

 
  

, -( )  
+                         

now in view of the first part of          we obtain from (2) for all sufficiently large values of 

     . that  

 

 

  (     )     *(   )(   ,   -(     ))

 

   
, -( )  

+ 

i.e.,      *   
,   - .

     

   
/

 

 
  

, -
( )  

+      (     ) 

   ,   - .
     
   

/

 

   
, -( )  

    
    (     )  
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, -( )       

   , -  
    (     )

          ( )
 

   , -  
    (     )

          ( )
      

, -( )    

so 

  
, -( )      

       
   

   , -  
     (     )

          ( )
      

, -( )     

      is arbitrary , 

       (3)       
, -( )       

, -( )                            

next let  

   
, -( )       

, -( )                             

as        is arbitrary from the definition of generalized lower order of entire function of two 

complex variables 

  (     )      [   
,   -(    )

   
, -( )    

] 

i.e.,  (4)      *(   
,   -(     ))

 

 
  

, -( )    
+      

(     )                  

since ,       
, -( )       

, -( )                               

then in view of the third part of         we obtain that. 

       (5)            

  

[
 
 
 

(   ,   -(     ))

 

 
  

, -( )    

]
 
 
 

  

[
 
 
 

(   ,   -(     ))

 

 
  

, -( )    

]
 
 
 
                                                    

Therefore from (5) we obtain for all sufficiently large values of       that  
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       (6)       *(   
,   -(     ))

 

 
  

, -
( )    

+     *(   
,   -(     ))

 

 
  

, -
( )    

+       

For all     *       + * +  

Thus from ( ) ( )   ( ) we get for a sequence of values of       tending to infinity that 

   
(     )    *(   

,   -(     ))

 

   
, -( )    

+ 

i.e.,       
(     )     *(   

,   -(     ))

 

 
  

, -
( )    

+ 

       (7)        
(     )       

(     )                                      

so from ( )   ( ) and in view of the first part of         it follows for a sequence of values of 

      tending to infinity that  

  (     )       
(     )  ∑   

(     )

 

   
   

 

i.e.,      (     )       
(     )  

 

 
∑    

(     )
 
   
   

 

  (     )       
(     )  (

   

 
)   

(     ) 

  (     )    (
 

 
)   

(     ) 

  (     )    (
 

 
)  *(   

,   -(     ))

 

   
, -( )    

+ 

i.e.,       (     )      [
(   ,   -(     ))

 

 
  

, -( )    

   
] 

this gives for a sequence of values of       tending to infinity that  
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  [   
   *(   )    +

   
, -( )    

]    (     ) 

i.e.,     *(   )    +
   
, -( )    

     ,   -  
    (     )  

   
, -( )      

   , -  
    (     )

         ( )
   

   
, -( )        

       
   

   , -  
    (     )

         ( )
 

       (8)       
, -( )      

       
   

   , -  
    (     )

       
      ( )           

so from ( )   ( ) we finally obtain that  

  
, -( )      

, -( ) 

 

whenever  

   
, -( )       

, -( )      *       + * +  

         .  Let     be two positive integers with          Then  

 

 
  
, -( )       

, -( )      
, -( )  

 

        From the first and second parts of          we obtain that  

{  (     )}
 
     (  

    
 )      .(   )  

  (   )  
 
/   

       (9)                                              

Where       (    )      Therefore from (9) we obtain that  

  
  (  

    
 )    

   , -
 

(   )
  

    (  
    

 )
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i.e.,  (10)        
, -( )    

 

 
  
, -( )                          

on the other hand since {  (     )}
 
    (     )  for all sufficiently large values of       . we 

have by         

       (11)        
, -( )      

, -( )                          

thus the theorem follows(  )     (  ). 

             Let   be a polynomial if   is transcendental then    
, - ( )    

, -( )   and if   is 

transcendental then   
, -(  )    

, -( ). If         are both transcendental then    
, - ( )  

  
, -(  )    

, -( )     
, - ( )     

, - (  )  Hence           denote the ordinary product of   

with         respectively and     . 

      : Let   be the degree of  ( )  Then there exists   such that         and a positive 

integer  (  ) for which 

     | ( )|    (    )
  

holds on |  |      |  |     for all sufficient large values of        now by the first part of 

        we obtain that   (
 

 
(       ))   

 

  
  (       )   

i.e.,  (12)       (       )       (     )                   

now let us consider  ( )   ( )  ( ), then from equation (2) and in view of the fourth part of 

        we get for any  (  ) and for all sufficiently large values of      , that 

  (       )      (     )    (     )  (    )
   (     )    (  

    
 ) 

So,      
       

   , -  
    (       )

       
    

       
   

   , -  
    (     )

       
     

       
   

   , -  
    (  

    
 )

       
 

i.e., 

   
       

   
   , -  

    (       )

         ( )
    

       
   

   , -  
    (     )

       
      

       
   

   , -  
    (  

    
 )

         
    

and letting       we get. 

       (13)        
, - ( )    

, -( )                    

Similarly, when   is transcendental are can easily prove that  
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       (14)       
, -(  )    

, -( )                

if   and   are both transcendental then the conclusion of the theorem can easily be obtained by 

combining (  )     (  )  and the theorem follows. 

         . If                 (    )    are entire functions of two complex variables 

and   has the property ( ), then  

  
, -( )      

, -( )  

where    ∏   
 
           

, -( )     {   
, -( )              } 

The equality holds when    
, -( )       

, -( ) (                  ) 

Finally assume that            are entire functions such that   
   

  
 is also an entire function. 

Then   
, -( )     {   

, -( )    
, -( )}  

        If   
, -( )    then result is obvious by lemma 4. suppose that     

, -( )      we can 

clearly assume that    
, -( ) is finite. Also suppose that 

    
, -( )       

, -( )                         we can suppose    
, -( )     

let        with        
, -( )  we have for all sufficiently large values of       that  

   *   
,   -(    )

 

 
  

, - ( )     ⁄
+     (     ),                     

i.e.,      (     )      *   
,   -(    )

 

 
  

, -
( )     ⁄

+ ,                    

so,    (15)         
(     )     *   

,   -(    )

 

 
  

, -
( )     ⁄

+                      

From (15) we have for all sufficiently large values of       that 
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  (     )    ∏   
(     )

 

   

 

i.e.,      (     )    ∏   *   
,   -(    )

 

 
  

, -
( )     ⁄

+ 
    

i.e.,  (16)       (     )    [  *   
,   -(    )

 

 
  

, -
( )     ⁄

+]

 

      

observe that  

       (17)         
   
, - ( )     ⁄

   
, -( )    

                             

Since   has the property (R), in view of Lemma 2 and (17) we obtain from (16) for all 

sufficiently large values of       that 

  (     )          
,   -(    )

 

   
, -( )     ⁄

    *   
,   -(    )

 

   
, - ( )     ⁄

+  

i.e.,       [   
,   -(    )

.   
, -( )    /

]     (     ) 

(    )
.   

, -( )    /
      ,   -  

    (     )  

.   
, -( )    /             , -  

    (     )  

   
, -( )       

   , -  
    (     )

       
   

So,      
, -( )      

       
   

   , -  
    (     )

       
     

, -( )      

           is arbitrary, 

       (18)       
, -( )       

, -( )                  

Next , let  
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, -( )       

, -( )                                   

with  

    
 

 
   {   

, -( )     
, -( )     *         + * +}  

without loss of any generality we may assume that   ( )     

                            

Definition of generalized relative order of entire functions of two complex variables we obtain 

for a sequence of values of       tending to infinity that  

  (     )       
[   ,   -(    )

   
, -( )   

] 

i.e.,  (19)        
(     )      *   

,   -(    )

 

 
  

, -( )    
+         

also for all sufficiently large values of       we get  

   [   
,   -(     )

   
, - ( )    

]      (     ),                              

i.e.,       
(     )      *   

,   -(    )

 

 
  

, - ( )    
+ ,                              

since,       
, -( )       

, -( ) 

We get from above that, 

       (20)        
(     )      *   

,   -(     )

 

 
  

, -
( )    

+         

,                            

now in view of          taking   (     ) for  (     )   
 

  
 ,             for       it 

follows for the values of       specified in the Lemma that 
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   |  (     )|     ( )       (    (     ))  

       ( )       (
  

  
 
  

)        (   ) 

i.e.,      ( )       (
  
 

 

)        (   ) 

therefore 

   |  (     )|     (      (   ))       (  (     )) 

holds within and |  |      and |  |      but outside a family of excluded polydisc the sum 

of whose Raddi is not greater than   

  
 

  
   (     )  

 

 
 (     ) 

  (
  
 
  
  
 
) 

If,         (      )          (      ) 

Then  |  |      and |  |      

       (21)        |  (     )|           (   (     ))                    

Since                 

we have from above and (19) for a sequence of values of       tending to infinite that 

(22)    
(     )       

(     )      *   
,   -(    )

 

 
  

, -
( )    

+     *   
,   - .

    

 
/

 

 
  

, -( )    
+     

Let |   |  and |   | be a point on polydisc. 

Such that 

    
(  )   |  (  )|      

(  )   |  (  )|  

therefore as         and          
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from (20) & (21) , (22) it follows for a sequence of values of       tending to infinite that  

   (     )     *| (     )|   |  |       |  |     + 

    {∏|  (     )|  |  |       |  |     

 

   

} 

so,        (     )    ∏ |  (     )||  (        )|
 
   
   

 

i.e.,       (     )    ∏ [   
(          )]

   
   
   

  *.   
,   - .

    

 
/ /

 

 
  

, -
( )    

+  

  ∏  *   
,   -(          )

 

   
, - ( )    

+

  

  *.   
,   - .

    
 
/ /

 

   
, -( )    

+

 

   
   

 

 ∏  *.   
,   -(          )/

 

   
, - ( )    

+

  

   *(   
,   - (

      
  

) )

 

   
, -( )    

+

 

   
   

  

Hence, 

(23)    (     )   ∏ [  *.   
,   -(      )/

 

 
  

, - ( )    
+]

  

   *.   
,   - .

      

  
/ /

 

 
  

, -( )    
+   

   
   

 

on the other hands, we have 

 .   ,   - .
      

  
/ /

 

 
  

, -( )    
   (   ,   -(       ))

 

 
  

, -( )    
  

asymptotically. 

using Lemma 2 with     

   
   
, -( )    

   
, -( )    

     

      tending to infinity  
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       (24)      *.   
,   - .

      

  
/ /

 

 
  

, -
( )    

+      *,(   
,   -(      ) )

 

 
  

, -
( )     

-+   

Let,         {  
, -( )      }  

Choosing,       
   

   
, -( )    

       

Choose       

(25)     *(   
,   -(      ) )

 

 
  

, -
( )     

+   

  [(   
,   -(      ) )

 

   ]
  

∏   [*.   
,   -(      )/

 

 
  

, - ( )    
+]

 

      
   
   

 

for       now from (  )  (  )   (  )  it follows for a sequence of values of       tending to 

infinity that 

   (     )      *(   
,   -(      ) )

 

   
, -( )     

+ 

i.e.,      [   
,   -(    )

.   
, -( )    /

]      (      ) 

(    )
.   

, -( )    /
      ,   -  

    (      ) 

.   
, -( )     /             , -  

    (      )  

   
, -( )       

   , -  
    (      )

   (      )   ( )
 

If        then we get, 

   
, -( )       

       
   

   , -  
    (      )

   (      )   ( )
  

therefore 
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       (26)       
, -( )      

       
   

   , -  
    ( )

       
      

, -( )       

So from (  )     (  ) we finally obtain that 

  
, -( )      

, -( ) 

assume that 

   
, -( )       

, -( )       *        + * +  

Let now  

  
  

  
 With         ,   entire and suppose  

   
, -( )        

, -( )  

we have        . thus  

   
, -( )     

, -( ) 

if 

  
, -( )        

, -( )  

so it follows that  

   
, -( )        

, -( )  

which contradicts  

   
, -( )        

, -( ) 

hence 

  
, -( )      

  

, -( )        
, -( ) 

    {   
, -( )    

, -( )} 

also suppose that 
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, -( )        

, -( ) 

than 

   
, -( )      {  

, -( )    
, -( )}      

, -( )  

If,      
, -( )       

, -( ) 

which is also a contradiction  

thus,      
, -( )      

  

, -( )     {   
, -( )    

, -( ) }   

This proves the theorem. 

                 The authors are thankful to the referee for valuable suggestions towards 
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