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Abstract: In this paper we introduce the idea of the generalized relative order of entire function
of two complex variables are discussed in this paper.

1. Introduction, Definition and Notations

Let f and g be any two entire functions defined in the complex plane C and
Me(r) = max{|f(2)| : |zl =7}, My(r) =max{|lg(2)|: |zl =7}. In [6] defined the
generalized order p][f] and generalized lower order /1}” of an entire function f for any integer
[ = 2 in the following way.

0y logl! M, (1)
Pro= B8P " ogr
and
log! M. (1)
W_ im info T/
A = rh—>r£10 inf logr
where
logl x = log(log1x) , k=1,2,3........... and  logl®x = x

when [ = 2, the above definition coincides with the classical definition of order and lower order ,
which are as follows:

log!? M, (r)

= lim su
Pr r—00 p logr
and
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o log M ()
MR ey

Where M (r) is strictly increasing and continuous.

In [1, 2] Bernal introduced the definition of relative order of g with respect to f , denoted by as
follows :

pg(f) = inf{u >0:Me(r) <My(r*) ¥r >15 (W) > 0}

logM;* M:(r
= lim sup &% f( )
r—00 logr

Let f(z,,2,) be a non-constant entire function of two complex variables z; and z, holomorphic
in the closed polydisc

{(zl,zz): |zj| <rn, Jj=12v¥% r120,r220}
F(r,r) = max{lf(zl ,Zy) | |Zj| <n,j= 1,2}

Then by Hartogs theorem and maximum principle in [4 ], F(ry,73) is an increasing function of

1, 1y. The order p = p(f) of f(z,,2,) is defined in [3] as the infimum of all positive number p
for which

F(ry, 1) < exp[(rym3)#]
holds for all sufficient large values of r; and r, another words
pr =inf{u>0:F(r, 1) <exp[(nnr)*]; forallry = R(u), 1, = R(w) }

Equivalent formula for p¢ in [1,4] is

0 I loglog F(1y,13)
= lim su
p 1,12 > p IOg(TlT'Z)

Let h and k be two functions defined on IR such thath,k: IR — [—o0,]. The order of h
relative to k is

order(h: k) =infla>0: 3C, € IR¥x€ IR, f(x) <alg(ax)+c,]
If H is an entire function then the growth function of H is defined by

h(t) = sup[log|H(2)|,|z| < e'],t € IR
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if H and K are two entire functions then the order of H relative to K is now defined by
order(H : K) = order(h : k)

as observed in [4], the expression a~tg(ax) + ¢, may be replaced by g(ax) + c, if g(t) = et
because then the infimum in the case coincide.

Taking c, = 0 in the above definition, are may easily verify that
order(H : K) = pyx(H)
i.e., the order (H : K) coincides with Bernal’s definition of relative order.

If K = exp z then order (H : K) coincides with classical order of above papers by Kiselman and
other.

Datta , Tanmay and Biswas, introduced the definition of relative order of an entire function
f(z,,z,) with respect to an entire function g(z, , z,) as follows,

Definition 1. Let g(z,,z,) be an entire function holomorphic in the closed polydisc
{(zl ,Zy) ¢ |Zj| <1,j= 1,2} and let

G(ry, 1) = max{lg(zl ,Z)]| |Zj| <r,j= 1'2}
Pg(f) =influ>0:F(,m) <G *,n?); forry 2R, = R(w) }
the definition coincides with that of classical (1) if g(z;,z,) = exp z;. 2z,
In this paper we introduce the idea of relative order of entire functions of two complex variables.

Definition 2.1f | > 1 is positive integer, then the [*" generalized relative order f with respect
to g, denoted by

Py (f) = inf {u> 0+ My(ri,m2) < My (exp!=(rar;") ); for allm = RG> = R(W)J

log! Ms 1M (ry, 1)

71,7, —00 logrr,

If L = 1then pl1(f) = py(F). If L = 1, g(z1,2,) = e”%2, the classical order of f (c. f.[7])

3
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are can define the I** generalized relative lower order of g with respect to f, denoted by Aj[f] (9)
as follows.

log! MM, (14, 7,)
(1 i . f g\ 2
Af (g) = rl,lrlzrgoo inf log(ry1,)

Definition 3. A non-constant, entire function f is said to the property (R) if for any ¢ > 1 and
for all sufficiently large 1y, 1y,

[Mf(rl,rz)]z < M;(,°,1,°) holds.

Our aim in this paper is to study some parallel basic properties of generalized relative lower
order of entire functions (holomorphic functions or integral function) of two complex variables.

Lemma 1.[2] Suppose f is a non-constant entire function,
a>10<pB<a,d >1,0 <u <A and n is a positive integer.
Then

) Mf(arl,arz) =p Mf(rprz)

(i) 3k=k(S, f)>0st

5
(Mf(rl,rz)) = k(rl‘s,rz‘s) forr; > 0,1, >0

ceeN e Mf(r18,7"26) _ T Mf(rll' 7’21)
({20) imy, 7, oo Mp(ryrs) 00 = limy r, 5 Mp(riH k)
(iv) If f is transcendental then
lim —Mf(rla'rza) =00 = lim Mf(rll, TZA)
o0 Me(ry,73) rirp-00 (1 ") My (14, M)

Lemma 2.[2] Let f be an entire function satisfying the property (R), and let § > 1 and n be a
given positive integer. Then the inequality

4
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[Mf(rl,rz)]n < M;(r,%,1,°) holds for ry,, large enough.

Lemma 3. Let f, g and h are any three entire functions. If

Mgy (ry,12) < My(rq, 1) for all sufficiently large values of ry, 7, Then
Ag](f) < Ag](f) , Where | > 1.

Lemma 4. Every entire function f satisfying the property (R) is transcendental.

Lemma 5.[5] Let f(z;,z,) be holomorphic in the polydisc |z;| = 2eR; ; R; > 0,j = 1,2 with
f(0) =1 and n be an arbitrary positive number not exceeding % then inside the polydisc but
outside of a family encoding polydisc the sum of where radii is not greater than 4n R, R, ,

we have
log|f(z1,22)| > —T(n) log My (2eRy, 2eR;)
- 3e
for Tm) =2 + log277
Theorem 1. If fi,f5, e e o . f, (n = 2) and g are entire functions, then
Wg) = 2 g)
wherel =1, f = fi+ Sisfi and A(g) =min{2}(g)/k =12,.....,n}
the equality holds when
Aj[fi](g) * Aj[fi(g) Ak =12, ....,nand k *# i}

Proof : If /’l][f] (g) = oo then the result is obvious. So we suppose that Aj[f] (g) < oo we can
clearly assume that Aj[fi](g) is finite. By hypothesis Aj[fi](g) < A][fi(g) for all
k=12, ....0, ..o ce. ... ..., L.WE CAN SUPPOSE )l][fi](g) >0

now for any arbitrary ¢ > 0, we get for all sufficiently large values of ry, r, that
[1=1] o AR @2, A ()¢
Mg, |exp (r) 7k () Tk < My(rq,73)
where k =1,2,...... n

5

IUSER © 2015
http://www_ijser.org



International Journal of Scientific & Engineering Research, Volume 6, Issue 11, November-2015
ISSN 2229-5518
1468

1
P
ie., M (1) < M, (log[l_l](rl.rz))lfk(g)
wherek =1,2,...... N
___r
-1 Al (g)-e
so, (1) Mg, (r,12) < M, (log[ ](rl.rz)) Tk

wherek =1,2,...... ,n

now for all sufficiently large values of ry, 1,

n
Mf(rprz) < szk(rbrz)
k=1

1
] _ A (g)—¢
e, Me(r,m) < Xp-1 M, (log[l 1](r1.r2)) fie?

1

P
e, (2)  Mp(r,m) <nM, (logl=1(ry. 7))

now in view of the first part of Lemma 1, we obtain from (2) for all sufficiently large values of
71,15 that

1
_ Al g—
Mf(rl'TZ) < Mg (Tl + 1)(10g[l 1](7"1_7'2)) fi(g) €

1

]
. _ 1.2\ (9)—¢€
ie, M explti—1l (ﬁ) fi < My(ry,13)

1

/T AT (g)-¢ _
exp[l 1] (n_-l-l) 978 < Mf 1Mg(r1’r2)

6
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log[l] Mf_lMg (r1, 72)
logry. 1, +0(1)

Ap(g)— & <

log"! M7 M, (ry, 73)
logry. 1, +0(1)

> A]Eli] (9)—¢
SO

log[l] Mf_l My (rq,712)

Aj[f](g) = lim inf = A][fi] (g) —¢

71,75 —00 logr., + 0(1)
e > 0 isarbitrary,
@) 2 = 4@
next let
/'l][fi] (g) > A][cli(g) wherek =1,2,......... ,nand k #i

as € >0 is arbitrary from the definition of generalized lower order of entire function of two
complex variables

i
Mg(rl'TZ) < Mf [exp[l_l](ﬁrz)lfi(g)"'g
o
P
e, (4) M, |(logl=U(r.m)) | < My (ry,73)

since , Aj[fi](g) < A][clg(g) ,wherek =12, ...cc.c.......,n and k # i

then in view of the third part of Lemma 1 we obtain that.

1

] 7
A7) +e
Mg|(loglt=t(r 1)) i

(5) lim,. oo — ——=oo, wherek =1,2,....,n and k # i
1]

A _
Mg| (loglt=1(ry 1)) F9e

Therefore from (5) we obtain for all sufficiently large values of r, r, that

7
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1

l(g)—s

1
_ Ay + e B 2
6 M, (loglt=Y(ry. 1)) 7i? > nM, (logh=(ry.1y)) i

Forall k € {1,2,...... n\{i}

Thus from (1), (4) & (6) we get for a sequence of values of ry, r, tending to infinity that

1
) Pl
Mfi(rprz) >Mg (log[l 1](1,1_1,2)) fi(‘g) €

1

M,
ie., Mg, (r,1,) >nM, (log[l‘l](rl.rz))lfi(g)

(1) Mg, (r,1) >nMg, (r,12) ¥k =12, ... ,n withk #1i

so from (4) & (7) and in view of the first part of Lemma 1 it follows for a sequence of values of
11,1, tending to infinity that

Mf(rprz) = Mfi(rprz) B Z Mfk(rprz)

k=1
k=i

. 1
1.e., Mf(rprz) = Mfi(rprz) _52%1. Mfi(rprz)
E

n
Mf(rl, T'Z) = Mfi(rl’ T'z) - (T) Mfi(rl' Tz)

1
Mg (ry,13) > (E) Mg (ry,72)

1
1 B /l[l]( )+
Mg (ry,12) > (E) M, (log[l 1](r1.r2)) fi 9 TE

1
1]
(log[l—ﬂ(rl.rz))lfi(g) +e

n+1

ie., Mf(rl,rz) > M,

this gives for a sequence of values of ry, , tending to infinity that

8
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- Al
My [expl Hn + Dy} el s My(ry,732)

; ) +e 1-1] py-1
ie, {(n+ Drnr}7i > log! ]Mf Mg (ry,712)

logd MZ1M, (ry, 1)
[1] f g\, 12
Af" () + &> logrr, +0(1)
log! MM, (11, 75)
4, (9) = rl,lrlzrgoomf logryr, +0(1)
[1] . . log[l] MlZlMg (r1,1m2)
8 A(g9)= lim inf < Ar,(9)

71,7200 logrim,

so from (3) & (8) we finally obtain that

W) = 2 (g)

whenever

Wg) = Ag) vk e (1,2, ...n\{}

Theorem 2. Letn, [ be two positive integers with n,l > 2. Then

1
27 (9) < A1(9) < 27 (9).

Proof: From the first and second parts of Lemma 1, we obtain that

{Mf(rl,rz)}n < kMe(r™, ") < Mg ((k + D™, (k+ 1)r2n),

9 n>t1landnrn, >0,1, >0

Where k = k (n,f) > 0. Therefore from (9) we obtain that

1 1
log (k+1)Mf Mgy (", 1,™)

M7t 1) <
f (r"™ ™) log r,"r,"
9
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ie, (10 4(9) = 49

on the other hand since {Mf(rl,rz)}n > Mg (rq,13) for all sufficiently large values of r;,7, . we
have by lemma 3

(1) A < 49
thus the theorem follows(10) and (11).

Theorem 3. Let P be a polynomial if f is transcendental then Ag}(g) = A][f] (g), and if g is
transcendental then /’l][f] (Pg) = A][f] (g). If fand gare both transcendental then AE}(g) =

2P (Pg) = 2M(g) = A4} (g) = AL}(Pg). Hence Pf and Pg denote the ordinary product of P
with f and g respectivelyand [ > 1.

Proof : Let m be the degree of P(z). Then there exists a such that 0 < a < 1 and a positive
integer n(> m) for which

2a < |P(2)| £ (mm)"
holds on |z;| = r,]|z,| = r, for all sufficient large values of r; r, now by the first part of
Lemma 1 we obtain that M, (é (ary, arz)) > ng (ary, ary),
e, (12) My(ary,ary) < 2aMgy(ry,1;)

now let us consider h(z) = P(z).f(z), then from equation (2) and in view of the fourth part of
Lemma 1 we get for any s(> 1) and for all sufficiently large values of r;, r,,, that

Mg(arl,arz) < ZaMg(TLTz) < Mp(ry,12) < (T1rz)nMg(T1.Tz) < Mg(7’15;7”25)
log[l] MflMg (ary,ary)

loglt Mfth(TLTz) log!!l MflMg (r15,712%)

So, < lim inf < lim inf
11,100 lOgT1T2 11,100 lOgT1T2 11,1 —>00 lOgT1T2
i.e.,
. _logl! Mzt My (aryary) : . oglI Mp My (ryr) : logl! Mz "My (ri5,1,5)
lim inf i < lim inf f < lim inf L 9 .
71,7200 logryr,+0(1) 71,7200 logrim, 71,200 logr51,°

and letting S - 1 + we get.

(13) 2pH() =29
Similarly, when g is transcendental are can easily prove that
10
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(14) A (Pg) =2"(g)

if f and g are both transcendental then the conclusion of the theorem can easily be obtained by
combining (13) and (14), and the theorem follows.

Theorem 4. If fi,f5, .. ccc e oo e, f (n = 2), g are entire functions of two complex variables
and g has the property (R), then

Mg = 21 (),
_ TN [1] s (1 _
where f = [[r-; fr and Afi (g) = min {Afk(g) lk=1,2,...... ,n}
The equality holds when 2" (9) # A!1(g) (k = 1,2,.....,nand k # i)

Finally assume that F; and F, are entire functions such that f = i—l is also an entire function.

2
Then 2/ (g) = min {2 (9), A (o)}

Proof: If /’l}[f] (g) = oo then result is obvious by lemma 4. suppose that A][f] (g) < oo we can
clearly assume that Aj[fi] (g) is finite. Also suppose that

Aj[fi] (g9) < A/Eli(g) wherek = 1,2, ... ....... , . We can suppose A][fi] (g) >0

let € > 0,withe > Aj[fi] (g), we have for all sufficiently large values of r;, 7, that

1

gy -es2

(1]
My, exp[l‘l](rlrz)lfk < My(ry, 1), wherek = 1,2, ...... .. .

1

@ -¢/2

]
ie., Me(r,m) < M, log[l_l](rlrz)lfk ,Wherek=1,2, ... ... ... , 1.

From (15) we have for all sufficiently large values of r;, r, that

11
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n
Mg (r, 1) < 1_[ Mg, (ry,72)
k=1

1

. n [1-1] A @) -er2
e, Mp(r,my) < Ilg=qg Mg [logh ™ (rymy) /k

n

1
e, (16) Mp(r, 1) < (M, log[l—l](rlrz)ﬂfk(g) /2

observe that

Agf}c (9)-¢/2

17) &:= =

Since g has the property (R), in view of Lemma 2 and (17) we obtain from (16) for all
sufficiently large values of ry, r, that

[ 1

/1532(9) —e/2 _ ! g)-e/2

_ | &
Ms(ry, 1) < My log[l Unr,) M, log[l U(ryry) 7k

Weay
ie. My [exp[l‘l](rlrz)(’lfz(g) s)] SMg(rl,rz)

[1 _
(7”17”2)(Afi(g) S) < IOg[l_l] MJ‘_lMg(rbrz)

() - €)logrir, <10g" M7 My (r,12)

log[l] Mf_lMg (r,72)

logrm,

A][fi](g) — &<

logl! Mz My (ry,m)

so, 4'(g)= lim inf

11,13 —00 logrir;

> 11 (g) - &
since € > 0 is arbitrary,

18) ) = 19
Next , let
12
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Aj[fi](g) < A}li(g) wherek =1,2,..........,nand k # |, Fix > 0

with

1
e < gmin{Al(@) - () k € (12,....m\@}
without loss of any generality we may assume that £, (0) = 1

wherek = 1,2, ......... ,handk #i

Definition of generalized relative order of entire functions of two complex variables we obtain
for a sequence of values of R;, R, tending to infinity that

[1
Mg(Rlle) < Mfz exp[l—l](Rle)lfi(g)+g:|

1

[]
i.e., (19) Mfi(leRz) > M, log[l—1](R1R2)Afi(g)+g

also for all sufficiently large values of ry, , we get

M [1-1] @-<] oy here k = 1,2 dk #i

e lexp (ry, 1) Tk < g(rl,rz), wherek = 1,2, ... ... ... ,n an #+i
-1
[P

e, Mg (r,15) < My log[l‘l](rlrz)lfk(‘g) , wherek=1,2, ... ... ... ,nandk #i

since, 17(g) < 49

We get from above that,
1
_ gy - ¢
(20) Mg, (r,12) < M, log!=Y(ryry) e

wherek=1,2, ......... ,handk #i

now in view of Lemma 5, taking f(zy,2,) for f(zy,2,),n = % , 2R, and 2R, for R, R, it
follows for the values of z;, z, specified in the Lemma that

13
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log|fx(z1,2,)| > —T(n) log Mg, (23- 2(Ry, Rz)),

3e
where T(n) = 2 + log| —— | = 2 + log(24e)

1
2'1_6

3e

ie, Tm =2+log (T) = 2 + log(24e)
8

therefore

log|fi(z1,22)| > —(2+ log(24e))longk(4e(R1,R2))

holds within and |z;| = 2R, and |z,| = 2R, but outside a family of excluded polydisc the sum
of whose Raddi is not greater than

1 1
4‘-E -2(R1;R2) = E (R1'R2)

If, r, € (R;,2Ry) andr, € (R,,2R,)
Then |z;| = rpand |z,| = 1,

(21)  loglfi(z1,2,)| > 7 log My, (4e.(Ry,Ry))
Since r; > R;,7, > R,

we have from above and (19) for a sequence of values of 1y, r, tending to infinite that

1 1

_ Alg) + _ Alg) +
(22) My (ry,75) > My (Ry,Ry) > M, |logl=(RR)™ | > M, [loglt-1] (”22) ([

Let |z, | and |z, | be a point on polydisc.
Such that
Mfi(ﬁ) = |fi(r)] ;Mfi(rz) = |fi(r)I.

thereforeasr, > Ryandr, > R,

14
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from (20) & (21) , (22) it follows for a sequence of values of ry, r, tending to infinite that

Mg (ri,12) = max{|f(z1,22)| : |z1]l = 11, |22| = 12}
n
= max {H|fk(21;22)|1 |zl = 7, lz2] = 1,
k=1

s0, M (ry,12) 2 Hg?lfk(zlfzz)”fi(zrl:Zr2)|

1

. -7 AWy +e
e, My (r,m;) = [[[My, (4eR, ,4eR)]| M, (1og[l 1] (“;2)) Tk
k+#i

= ;“7 )
= M, |logl=(4eR, , 4eR,) ZAORE M, (log[l 1] (rler) )l¥1(g)+e
k=1
k#i
n e =7 L
= nMg (logl = (4eR1,4eR2)) 1,0 - ¢ M, (10g[l 1] (%) )lgfﬂ(g)m
k=1
k#i
Hence,
-7

1

8e

&€ [l] &
(23) My (r1,72) = Tl | My (log[l Uer,r )) i x M, (log[l‘” (—4em2) )lfi(g)+

on the other hands, we have

1 1
_1] (4 AWegy+e AW (g) +2¢
(log[l 1 (_e;":rz) ) i7" 2 (loglt=1(deryry )) 1
asymptotically.
using Lemma 2 with n = 2
A][fi](g) + 3¢
A}[fli](g) + 2¢

1, 1> tending to infinity

15
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—1 1
P T
24) M, (10g[z-1] (%) )Afi(g)+ > 1, |1 (togi=") (seryry) Y1+
Let, L =min {AE](g) Pk o# i}_
H _ L—¢&
Choosing, & = A 1(9)+ 3¢
Choose ¢ >0
o
(25) M, |(logh—" (4err)))l o)+ 22 >
7

1

[(logl Uaer,ry) )i s] Hk 1M (log[l U4er,r ))m

for r;,, now from (23),(24) & (25), it follows for a sequence of values of r;, 7, tending to
infinity that

1
PYIPE
My (11,7,) = Mg |(log!"~!(4er;ry) )Afi(g)+3€

[
ie. My [exp[l‘l](rlrz)(’lfi(g)*'35)] > Mg(4erlrz)

1]
(Tlrz)(/lfi(gH 38) > lo g[l 1] 1M (4er1T2)
(2(g) + 32)logrir, = logl! M7 My (4eryrsy)

log!! MM, (4er;7,)

(1 >
A, (9) + 3¢ log(4er1r2) +0(1)

If € — 0 then we get,

logl! M7*M, (4er;r,)
0 My 172
2 > ]

fi (g) - Tl.rgoolnf ]0g(4€7"17"2) + 0(1)

therefore

16

IUSER © 2015
http://www_ijser.org



International Journal of Scientific & Engineering Research, Volume 6, Issue 11, November-2015
ISSN 2229-5518
1479

log[” MlZlMg ) <

(26) A'(9)= lim_inf IAC)

11,1200 logrir,

So from (18) and (26) we finally obtain that

W) = 2 (g)
assume that

M) = Mg vk € (12, ..., nN\(L:

Let now
f= i—:With F; ,F, , f entire and suppose

W) = A
we have F; = f.F,. thus

W = Mg

29 < A9,
so it follows that

@) < 29,
which contradicts

M) = (9

hence

g = @) = W

F
= min {25 (), 28 (9))}

also suppose that
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g > g

than
1g) = mn {2 (), A} = 2 (g),

i, (g > (g

which is also a contradiction

thus, /'l][f] (9) = Ag(g) = min {/’11[,11] (9), AF, g (9) }

F2
This proves the theorem.
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